Lambda tomography (LT) is a well-known local reconstruction technology to reduce the radiation dose or accommodate a limited imaging geometry. After a theoretical analysis of the so-called Calderon operator (CO), the necessary conditions for exact LT reconstruction are presented in terms of the 2D and 3D COs. Based on our previous results on LT, a general scheme is proposed to construct exact LT formulae in terms of the 2D CO with multiple segment trajectories. Every 2D formula has a corresponding 3D cone-beam formula in the Feldkamp framework in terms of the 2D CO which was illustrated in a triplesegment case. Our simulation results verify the correctness and demonstrate the merits of the proposed scheme.
Introduction
In the computed tomography (CT) field, it is well known that generally speaking there is no unique solution to the problem of local image reconstruction from truncated projection data (Natterer 1986 ). Hence, the images reconstructed using the traditional filtered backprojection (FBP) method suffer from cupping and intensity shift artifacts. As an alternative technology, region-of-interest (ROI) based Lambda tomography (LT) was extensively studied (Anastasio et al 2003 , Faridani et al 1992 , 1997 , 2001 , Katsevich 1999 , Louis and Maass 1993 , Ramm and Katsevich 1996 , Smith and Keinert 1985 , Katsevich 2006 . Let x and ξ represent n-dimensional (nD) vectors, for n = 2, 3, f (x) an nD bounded function andf (ξ) the corresponding Fourier transform, we have       f
where R n denotes the nD space. Let be the nD so-called Calderon operator (CO) defined as
LT is to reconstruct such a gradient-like function f (x) only from the projection data whose paths go through the point x, which provides uniform enhancement of all the edges in an image regardless of their orientations. Because it only requires irradiation over the ROI, the x-ray dose to the patient is greatly reduced. Furthermore, an LT image can be exactly reconstructed from a local truncated dataset, while the corresponding CT image cannot be obtained exactly.
Traditionally, LT is performed in the framework of the Radon transform (Ramm and Katsevich 1996) . In that context, an LT image can be easily reconstructed from the Radon data. However, in practical applications, we typically obtain fan-beam or cone-beam projections with a source moving along a scanning curve. Inspired by the latest results on the exact CT reconstruction from the data acquired along any smooth scanning curve (Ye et al 2004 , Ye and Wang 2005 , Yu et al 2005a , 2005b , Zhao et al 2005 , Katsevich et al 2004 , Zhuang et al 2004 , Zou et al 2005 , the first theoretically exact fan-beam LT formula was proposed and proved for the data collected along a smooth trajectory . It was also extended to a practical cone-beam LT formula . However, these results are not suitable for discontinuous trajectories, such as that from a triple-source system.
In the next section, we analyze necessary conditions for the exact LT reconstruction in terms of the 2D and 3D COs. In the third section, we propose a scheme to construct an exact 2D formula for discontinuous trajectories based on our earlier results (Yu and . Similar to our work (Yu and Wang 2004 ) on Noo's super-short-scan formula (Noo et al 2002) , we also develop the corresponding Feldkamp-type formula for volumetric LT reconstruction. In the fourth section, we present numerical simulation results. In the last section, we discuss relevant issues and draw a conclusion.
Necessary conditions for exact LT
From the viewpoint of signal processing, equation (2) can be rewritten as,
where
is the point spread function (PSF) of the CO in the nD space, and '⊗' represents the corresponding nD convolution operation. For n = 2 , we have
Equation (5) implies (i) the 2D CO has an infinite support, and the 2D LT image also has an infinite support when the original object function f (x) is constrained within a compact support; (ii) the reconstruction of ( f )(x) involves the whole support of f (x). Hence, we get a necessary condition for the exact LT reconstruction in terms of the 2D CO: Condition 2.1: To exactly reconstruct an LT image of an ROI inside the object support in terms of the 2D CO, data for all the lines passing through the ROI must be measured. In 2002, Noo et al re-formulated a 2D FBP-type reconstruction of an ROI from x-ray fanbeam projections (Noo et al 2002) . Specifically, instead of requiring all the data from every line passing through the whole object support, it is feasible to perform exact ROI reconstruction from a minimum set of data satisfying the following two conditions: (i) data from all the lines through the ROI must be measured, and (ii) the data for any involved fan-beam projection must be non-truncated. Evidently, condition 2.1 is Noo's first condition. That is to say, the dataset can be truncated in the involved fan-bam projection for the exact LT reconstruction. While Noo's condition aims at the exact CT reconstruction, ours aims at exact LT reconstruction. Condition 2.1 is also consistent with Quinto's result of microlocal analysis for x-ray transform (see (3.3) in Quinto (1993) ). In figure 1, we show some typical fan-beam scanning trajectories and corresponding regions that allow exact LT reconstruction. Based on this condition, we can design a general scheme to construct LT formulae for the case of discontinuous loci, using our previous findings .
As we know, spiral scanning mode offers an efficient way to solve the so-called long object problem. Now, a natural question is that can we exactly reconstruct an ROI inside a long object using spiral scanning mode? To answer this question, let us analyze the 3D CO.
We can obtain the function h(x) similar to that in equation (5) for n = 3 defined on the whole 3D space which implies that the reconstruction of f involves the data of f (x) in its whole support. Theoretically speaking, an ideal long object does not have a compact support, that is, its two ends can extend to infinity (see figure 2) . Since the spiral cone-beam data are truncated along the longitudinal direction, the two ends of the long object at infinity cannot be covered by any measured lines from the finite scanning trajectory. In other words, we cannot get all the information of f (x) within its support. Therefore, it is generally impossible to exactly reconstruct the LT image of an ROI inside an ideal long object in terms of the 3D CO by the spiral scanning mode. Based on these facts, we obtain a necessary condition for the exact LT reconstruction in terms of the 3D CO: Condition 2.2: To reconstruct exactly an LT image of an ROI inside the object support in terms of the 3D CO, all the measured lines must cover the whole object support.
Condition 2.2 is obvious. If exact reconstruction of an LT image is available for a certain ROI, all the necessary information in the whole support must have been obtained. In other words, any point inside the whole support must have been passed through by at least one x-ray, which leads to condition 2.2. Since this is a necessary and not a sufficient condition, exact LT may not be possible even when this condition holds. For example, imagine a set of parallel lines which cover the whole object support. In this case condition 2.2 is satisfied, however the exact LT is clearly not possible. Although a stronger necessary condition may be drawn from theorem 4.1 in Quinto's paper (Quinto 1993) for objects with a compact support, condition 2.2 is generally valid for the objects with non-compact support, especially the ideal long objects. Even more important is the fact that condition 2.2 offers an evidence of why it is impossible to develop a method for exact LT reconstruction of an ideal long object in terms of 3D CO with a spiral scanning locus. Because of this we developed a pseudo-Lambda tomography (Ye et al 2006 (Ye et al , 2007 , instead of exact LT in terms of 3D CO. This is also the reason why we had extended the formula for 2D LT to that for 3D LT in terms of the 2D CO as a practical way to obtain cone-beam LT reconstruction .
Exact 2D LT reconstruction formula
Let S represent the unit circle in R 2 . Assume that ⊂ R 2 is a differentiable curve parameterized by a(t), t ∈ R, and f a bounded function with a support ⊂ R 2 \ . Then, a fan-beam projection of f along a scanning trajectory is given as
Define the even extension of the above fan-beam data as
Correspondingly, the odd data extension can be defined as D
. For any point x ∈ , let us introduce the unit vector θ(x, t), as shown in figure 3,
Let (·) represent the inner product, and θ ⊥ (x, t) a vector perpendicular to θ(x, t). Clearly, there are essentially two vectors θ ⊥ (x, t) determined by θ(x, t), one having the opposite direction from the other. Hence, θ ⊥ (x, t) is uniquely determined by θ(x, t) in the 2D space but for the possibility of an opposite direction. Our main contribution is summarized by the following theorem.
Theorem 3.1. Let be a differentiable general curve from a(t 1 ) to a(t 2 ) and consider a bounded function f (x) within the support ⊂ R 2 \ . For any x ∈ and a(t) ∈ , we
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we have
(a (t) · θ ⊥ (x, t)) may be equal to zero when a line is tangential to the trajectory at some point and directed toward x ∈ . Because this does not happen in practice, it is reasonable to assume
, then there will be e = θ(x, t 1 ) = −θ(x, t 2 ) and equation (10) will lead to our previous result ,
Now, let us consider the case where is a union of multiple differentiable curves. We have the following theorem for the exact LT reconstruction in terms of the 2D CO.
Theorem 3.2. Let be the union of multiple differentiable general curves
k , k = 1, 2, . . . , K, from a t k 1 to a t k 2 and f (x) be a bounded function within the support ⊂ R 2 \ . If there exist any constants e ∈ S and W (k) ∈ R, k = 1, 2, .
. . , K, to make the following equation (12) stand for any nonzero
( f )(x) can be exactly reconstructed by Figure 4 . Determination of scanning trajectories for the exact LT reconstruction at a fixed point inside an ROI. Theorem 3.2 offers a general scheme to perform an exact LT reconstruction in terms of the 2D CO. When the measured dataset satisfies condition 2.1, theoretically speaking, there may exist an infinite number of methods to reconstruct ( f )(x) based on theorem 3.2, depending on different parametric configurations of t, e and W . For example, in the case of triple-segment scanning trajectories, let the six endpoints of the trajectories be a t 1 1 , a t 1 2 , a t 2 1 , a t 2 2 , a t 3 1 and a t 3 2 . The following steps can be used to reconstruct ( f )(x): (i) connect a t 1 1 and a t 2 2 to form a line segment L 1 ; (ii) move either one or both the endpoints of L 1 to go through the point x and obtain the new endpoints a t In 1984, Feldkamp et al proposed a practical approximate reconstruction algorithm for the cone-beam reconstruction from the full-scan data collected along a circular trajectory (Feldkamp et al 1984) . This formulation is more desirable than exact reconstruction in many cases in terms of computational efficiency. It is well known that the Feldkamp-type reconstruction can be performed based on any fan-beam reconstruction formula (Wang et al 1993) . Similar to what we did for the practical cone-beam LT method , we can extend equation (13) to obtain an approximate cone-beam LT reconstruction. The major issue here is the determination of an appropriate 3D vector θ ⊥ (x, t) perpendicular to θ(x, t), which is along the line segment connecting the x-ray source and the image point. Generally, we prefer a θ ⊥ (x, t) for which the source positions involved in cone-beam LT reconstruction are as close as possible to the plane spanned by θ ⊥ (x, t) and θ(x, t). Because the numerical implementation steps of equation (9) are similar to our previous works (Yu and , here we will not re-state them. Interested readers may refer to our previous papers for details (Yu and .
Simulation results
To verify and demonstrate our LT formulation, we implemented it in MatLab on a PC (1.0 gigabyte memory, 2.8 GHz CPU), with all the key computational tasks coded in C. The 3D differentiable Shepp-Logan phantom (DSLP) (Yu et al 2005c) , which consists of ten smooth ellipsoids with the parameters as listed in Ye et al (2007) was used as the test object. In our simulation, a triple-source system was symmetrically arranged on the same plane, and the corresponding trajectories were defined as
with R = 57 cm and h = −2.5 cm. As we did before , planar detectors were adapted with the cone-beam imaging parameters listed in table 1.
As shown in figure 6(a), there is a virtual circular scanning trajectory covering the trajectories formed by the triple-source system. For every point x inside the exact reconstructed region, fixed a t 1 and a t 3 2 were specified. Hence, the trajectory for the reconstruction of ( f )(x) was determined. The direction e and weighting function W in figure 5(a) were adopted for our initial study. For all the 3D points, the vectors θ ⊥ (x, t) were selected on the plane of x-ray sources. Regarding the points outside the exact reconstructed region, we can deal with them in the same way only using the available projection data to reconstruct LT images approximately (see figure 6(b) ). Figure 7 presents representative reconstructed slices of the 3D DSLP from data collected along the aforementioned triple scanning loci, as well as the corresponding slices reconstructed using our practical cone-beam LT method from a standard helix of radius 57 cm and pitch 5 cm. The exact reconstruction regions permitted by the scanning trajectory are indicated by the white triangles in figures 7(g) and (h). The typical profiles along the white lines in figure 7 are shown in figure 8. As the ground truth, we computed the ideal LT image at x 3 = −2.5 cm by definition (2) using FFT. In reference to the ideal LT image, it can be observed that the LT images in the exact reconstruction region were indeed accurately recovered. Also, the reconstructed volumetric LT images from the cone-beam dataset were comparable to those reconstructed using our previous method from data collected along the standard helix. To investigate the performance of our algorithm with a phantom containing sharp z-interfaces, the above experiments are repeated with the non-smooth disc phantom of h = 0 cm in equation (14) . The parameters of the disc phantom can be seen in table 2 in Kudo and Saito (1994) . Although the Feldkamp approximation performs poorly in this case, our LT algorithm still works well (see figure 9) . Furthermore, satisfactory results can also be obtained for the voxels outside the exact reconstruction region. To make this point clearer, we used the scanning ranges of [0, 60 • ], [0, 50 • ] and [0, 40 • ] to reconstruct the DSLP LT images approximately. As shown in figure 10 , the image quality is still acceptable although the exact reconstruction condition is not satisfied.
Discussions and conclusions
In this paper, we have analyzed the necessary condition for the exact LT reconstruction in the 2D case, and developed a corresponding reconstruction scheme for discontinuous scanning trajectories based on the even extension of fan-beam data. In our previous work , our group had proved the first general formula for exact and efficient fan-beam LT from the data collected along any smooth curve based on both even and odd data extensions. We also claimed that an LT image can be reconstructed without involving any data extension in Yu and Wang (2006) . While the odd data extension only works for the object functions on one side of the scanning curve, the even extension works for those on both sides of the scanning curve. Hence, the proof related to the odd extension of data in our previous paper ) Figure 7 . Reconstructed LT images of DSLP. The top, middle and bottom rows are at x 1 = 0, x 2 = 0 and x 3 = −2.5 cm, respectively. The left column images were reconstructed from a horizontal complete dataset, while the middle column images were from a horizontal truncated dataset collected along the triple-segment trajectory. The right column images were reconstructed using our practical cone-beam method from data collected along a standard helix of radius 57 cm and pitch 5 cm. The white triangles in (g) and (h) indicate the exact reconstruction region permitted by the scanning trajectory. All the images are displayed in the window [−0.3, 0.5] .
is not generally correct. The main reason is that equation (31) is a necessary condition instead of a sufficient one for equation (32) in Yu and Wang (2006) . That is, in general equation (32) cannot be obtained from equation (31) in Yu and Wang (2006) . This is why here we proposed theorem 3.1 based on the even extension of data. However, the reconstruction formula without any data extensions remains correct in most practical applications, where the object support is constrained in a convex region surrounded by a scanning trajectory. The reason is that D f (a, −θ) ≡ 0 for any x inside the object support and any θ defined by equation (8).
Our numerical simulation was based on a standard circular trajectory formed by a triplesource system. The reason is that in this case a t 2 2 , a t 3 1 and a t 3 2 can be analytically determined. It does not mean that our scheme cannot be implemented for general scanning trajectories. To apply our scheme in a general case, a more complicated analytical or even numerical method would be required to determine a t For a fixed discontinuous 2D scanning trajectory, there are many ways to design LT reconstruction formulae. Although all of them are theoretically exact, their characteristics may be different with noisy data. Hence, there should exist an optimal one depending on noise characteristics. Relevant work along this direction will be done to optimize the LT reconstruction.
In conclusion, we have analyzed necessary conditions for exact LT in terms of the 2D and 3D COs, respectively. These conditions are instrumental in our design of LT algorithms. While exact 2D LT can be achieved with a discontinuous scanning trajectory, it is impossible to obtain exact 3D LT images inside an ideal long object using a spiral scan. Based on our previous results , we have designed a scheme to exactly reconstruct an LT image in terms of the 2D CO for continuous or discontinuous trajectories including multiple segments traced by a triple-source system. Theoretically speaking, our scheme provides infinite ways to reconstruct an LT image. The corresponding 3D LT reconstruction formulae in terms of the 
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Appendix. Proof of theorem 3.1

Let us express
We have 
× (iξ · a (t) − (ξ · a (t))
2 ) e iξ·a(t) δ(ξ · (x − a(t))). (A.2) Due to δ(ξ · (x − a(t))), we set ξ · x = ξ · a(t) and θ ⊥ = ±ξ/ ξ . Hence, (A.2) can be simplified as follows: 
